I. INTRODUCTION
Recently, fluid mechanics [1] has attracted a huge attention to theoretical physicists [2, 3] due to the investigate of how some instances of the classical theory are related to D-branes and how this relation explains some integrability properties of several models. In Ref. [2] , the authors Afterwards, Bazeia and Jackiw [3] , found the solutions of this Galileo invariant system that are in connection with the solutions of the relativistic D-brane system. In particular, these works clarify the presence of a hidden dynamical Poincaré symmetry on the d-dimensional fluid mechanics. However, this is only valid only when the rotational fluid model has a specific potential, (V ∝ 1/ρ with ρ as being the mass density).
In this paper, we propose an alternative answer to the question on the Lagrangian for velocities fields that are not irrotational. It is known that for rotational fluid mechanics, whose vorticity nonvanishes, the symplectic two-form does not exist; it happens because its respective "inverse"is singular and, consequently, has a zero-mode * e-mail:cneves, wilson@fisica.ufjf.br given by the gradient of a quantity called "Casimir invariants". Since these quantities Poisson-commute with all dynamical variables and Hamiltonian and are also constant of motion, there is no symmetry related. As demonstrated by Jackiw in Ref. [4] , the algebra that admits Casimir invariants also creates an obstruction to the construction of a canonical formalism for fluid mechanics. Indeed, this obstruct the determination of the fluid dynamical Lagrangian. This obstruction was neutralized by C.C. Lin [5] using the Clebsch parameterization, which was discussed by Jackiw [4] recently.
In order to achieve our goal and present a self contained paper, this work is organized as follows. In the next section, we present the general formalism that implement the Clebsch parameterization from the symplectic point of view. In order to illustrate and familiarize the reader with the problem proposed and its solutions given by the Clebsch-symplectic parameterization process, we present in the Section III the rotational fluid system as well as the obstruction problem. In Section IV, we apply the Clebsch-symplectic parameterization formalism to the rotational fluid system in order to solve the obstruction problem. In consequence, we obtain the Lagrangian for the rotational system. Further, we also discuss the arbitrarity present on the determination of the rotational fluid Lagrangian. In fact, we can exhibit a set of different, but dynamically equivalent Lagrangian descriptions for the rotational fluid mechanics. In the last section, we express our find outs and conclusions.
II. GENERAL FORMALISM
In order to systematize the Clebsch-symplectic parameterization formalism, let us consider a mechanical system governed by a Lagrangian (L ≡ L(q i ,q i , t) with i, j = 1, 2 . . . , N , where dot means temporal derivative) and whose vorticity nonvanishes, i.e., ω = ▽ ×˙ q = 0.
First all, the Lagrangian must be rewritten into its first-order form, namely,
is the Hamiltonian and ξ i are the symplectic variables.
The Euler-Lagrange equation of motion are
∂ξ j . Note that the equation of motion above for ξ is well defined if the matrix
∂ξ i . From the Hamilton approach, the equation of motion can be expressed bracketing the variables with the Hamiltonian,
∂ξ i . Now, we are led to postulate the fundamental brackets as {ξ j , ξ
When f ji has no inverse, i.e., f ji is singular and, subsequently, constraints arise or there are gauge symmetries present within the system, which were well investigated and solved by Barcelos and Wotzasek [6] . However, an other obstacle can appear. This obstacle arises due to the existence of a quantity C(ξ) whose Poisson bracket with all symplectic variables ξ i vanishes,
∂ξ i is a zero-mode of f ji and its inverse , the symplectic two-form G is a function expanded in terms of η = (α, β), 
¿From this general equation, all correction term G (n) (ξ)
can be computed just solving a differential equation obtained after the collection of all terms in Eq.(1) that belong to the same order in η.
III. ROTATIONAL FLUID MECHANICS
In this section, the obstruction problem to construct both a canonical formalism and the Lagrangian description for rotational fluid mechanics will be described. Let us consider a inviscid, isentropic and compressible fluid, whose dynamics is governed by the continuity and Euler equations, which are read as ∂ρ(t, r)
∂t +▽·(ρ(t, r)· v(t, r)) = 0, and
where ρ(t, r) and v(t, r) denote mass density and velocity field, respectively. Here, ρ(t, r) v(t, r) is the current and f (t, r) is the force, which will kept arbitrary for the time being. It is well known that a dynamical system is powerfully presented from a canonical formulation.
Due to this, it is important to remark that the above equations can be obtained by Poisson-bracketing the fields ρ(t, r) and v(t, r) with the following Hamiltonian
, with V (ρ) being an interactive potential. As a consequence, the Hamilton's equations of motion are ∂ρ(t, r) ∂t = {H, ρ(t, r)} and
providing that the nonvanishing Poisson brackets among the fields must be taken as {v
, where the vorticity
∂x ′j . In the symplectic canonical formulation of the rotational fluid mechanics, we note that f ij has no inverse and, then, the symplectic two-form f ij does not exist.
Therefore, the existence of a such constant C creates an obstruction in the inversion of the symplectic matrix and, as a consequence, a canonical Lagrangian formulation for rotational fluid mechanics is lacking. To overcome this kind of problem and then neutralize the obstruction, the Clebsch parameterization process is usually implemented. However, in next section, in order to neutralize the obstruction problem, we apply the Clebschsymplectic formalism process to the rotational fluid mechanics.
IV. CANONICAL LAGRANGIAN FORMULATION OF THE ROTATIONAL FLUID
We begin considering the irrotational fluid mechanics, whose dynamics is governed by the following first-order
, where ρ is the mass density and θ is the velocity potential. Here, the vorticity vanishes. Now, the Clebsch-symplectic pa-rameterization process starts. Following the prescription of the Clebsch-symplectic formalism process, the Lagrangian is rewritten as
Recalling that the arbitrary functions, Ψ and G, will be determined later and that these functions present dependence onξ k = (ρ, θ, α, β). At this point, it is important to mention that the Ψ function is determined in order to become the symplectic matrix nonsingular. Recalling that Ψ has, necessarily, a dependence on α, a vector to be chosen also must has a dependence on α. To put our result in perspective with the usual Clebsch parameterization process [4, 5] , we make a "educated guess"for ν, namely, ν = ( 0 α 0 −1 ). Now, contracting this zero-mode with the symplectic matrix, and using the conditionν ·f = 0, we get a set of differential equations for Ψ, and we obtain Ψ = −αρ. The next step is the calculation of G. Using the Eq. (1), we
As the second correction term has no dependence on θ, all correction terms G (n) with n ≥ 3 are null. Hence, the
Clebsch-symplectic parameterization process ended and the canonical Lagrangian for the rotational fluid is obtained as being
This reproduces the usual result obtained using Clebsch parameterization [4, 5] . Further, it is important to note for a remarkable and new result is demonstrated in this paper: it is possible to obtain different canonical Lagrangian descriptions for the rotational system, dynamically equivalent to the one given in Eq.(2), just defining a different vector ν.
V. CONCLUSION
This work is devoted to solve the obstruction problem to the construction of the canonical Lagrangian formulation for rotational systems. This is done in the frame- Agencies.
